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I. INTRODUCTION 
We shall be primarily concerned with establishing the existence of a unique 
stable pnsirke solution of the nonlinear boundary value problem 
Lu = 0, s E II, (1.1) 
au 
z 
= g(x, 4, SESD. (1.2) 
Here x ::=- (.rr ,..., x,) and L is the uniformly elliptic, self-adjoint second order 
operator 
Lu:: -f & (Uij(X) -$) -:- u&)u. 
i,j=l 1 . , 
(1.3) 
The coefficients aij(x) =: aj&) are continuously differentiable, U,(X) > 0 
is continuous, and for all unit vectors 5‘ = (5, ,..., t,,), 
In the boundary condition (1.2) Z,/Zv is the conormal derivative 
(l-5) 
where n(x) = (5(x),..., n,(x)) is the outer unit normal to 2D at X, and the 
boundary is assumed so smooth that the strong maximum principle for L on 
D is valid, see [I]. 
* This work was supported by the National Science Foundation under Grant 
No. GP-4597 at the California Institute of Technology. 
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We shall see that the problem (1. I), (1.2) car reasonably be interpreted as 
that of finding the generalized temperature distribution in a solid subject to a 
nonlinear radiation boundary condition obeying the Newton Law of Cooling, 
With this interpretation of the problem Sewton’s Law of Cooling implies 
that g(x, U) is strictly monotone decreasing in u and that the outward thermal 
gradient Bu/2v at the surface 2D is K(I - u), where for moderate tempera- 
tures K is approximately constant but for very high or low temperatures k’will 
change appreciably and nonlinearly both spatially and with the temperature U. 
Thus, we arc led to impose the following conditions (which WC maintain 
throughout this paper) on the nonlinearity g: 
H-l. g(x, U) is twice continuously differentiable on B for all u. 
H-2. g(x, 0) > 0 and g(x, 1) = 0. 
H-3. g&x, U) < 0 on D‘ for I( > 0. 
H-4. g&x, U) < 0 on iT for u > 0. 
Conditions H-l, 2, 3 and their physical motivation have been carefully 
discussed by Mann and Wolf [2]. The strict concavity condition H-4 does 
not seem to be a necessary consequence of Newton’s Law of Cooling; how- 
ever, it is true for all the cases actually used in practice. 
In Section 2, by using a form of the maximum principle due to E. Hopf, 
we prove uniqueness of posike solutions of (1 .l), (1.2). The existence of 
other (non-positive) solutions has already been demonstrated by Olmstead [3] 
by means of a specific counterexample. 
In Section 3 we prove existence of a positive solution of (1.1), (1.2) con- 
structively by means of an iteration procedure, defined by linear equations, 
which yields a sequence converging monotonically to the positive solution. 
The basic procedure has been applied by Cohen [4, 51 to other problems 
involving monotone concave and convex nonlinearities, and with certain 
suitable modifications for the specific problem under consideration, it is 
extremely well suited for the treatment of such problems. Essentially, our 
procedure is to use the quasilinearization technique introduced by Bellman 
and used so extensively by Bellman and Kalaba (see [13] and [14] for refer- 
ences). 
Finally, in Section 4 we establish the stability of the positive solutions of 
(1. I), (1.2) when considered as steady states of corresponding time dependent 
parabolic problems. 
Olmstead [3] has recently studied the special case of (1. I), (1.2) where L 
was the Laplacian operator and the boundary condition was the so-called 
“fourth power law” that g(.z, U) - II* + b(x) with b(r) > 0, x E 2~9. He 
proved existence and uniqueness of a positive solution by using essentially a 
Picard type iterative scheme. Aside from our obviously more general treat- 
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ment we believe that the iteration procedure introduced in Section 3 has the 
practical advantage that it exhibits quadratic convergence (see [4], [S]) as 
distinct to the probable linear convergence typical of Picard schemes. For the 
transient (parabolic) temperature problem corresponding to our problem 
(I. I), (1.2) Friedman [6] has investigated questions similar to ours by means 
of topological fixed point theorems for which he requires only conditions 
II- I, 2, 3. In order to achieve our more specific results WC‘ require the addi- 
tional restriction of condition I I-4. 
2. C:NIQUEKESS OF POSITIVE SOLIJTIOM 
In the special case that the operator L is the Laplacian and 
g(.r, u) - -d -t 1 
Olmstead [3] has pointed out that I( - L I, +i all satisfy (1. I), (1.2). Thus, 
solutions of (1. I), (1.2) are not necessarily unique although as we shall now 
SW positice solutions are. More precisely we prove the 
THEOWN 2.1. I,e! g(s, u) satisfy H-l, 2, 3. Then, positke solutions of (1. I), 
(1.2) ure unique. 
Proqf. Suppose I( and z’ are two positive solutions, and let ZL’ = u - r. 
Then, IX 0, and 
iW 
x = g(. ‘, x 11 ) - g(s, 79. (2.1) 
I f  u: =/. 0, the w must assume positive and/or negative values in fli. It will be 
sufficient to consider the case that w assumes positive values somewhere in D. 
Then, according to the maximum principle of E. Hopf and 0. A. Oleinik (see 
[7, p. 551 for a statement of this theorem as used here) if w -1: constant, there 
exists a point x,, c PD such that 
and 
On the other hand, however, condition H-3 implies that g(.~, u) is strictly 
monotone decreasing which implies that g(x, , U) - ~(x, , V) < 0 since by 
assumption u(x,,) - v(x,,) -- w(xJ > 0. Thus, from (2.1) we conclude that 
a4d 
-2;.- < 0 
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which contradicts (2.2). Hence, we conclude that either w = 0 or w .= c 
where c is a non-zero constant. That is, we have shown that all solutions of 
(1. I), (1.2) are unique to within an additive constant. We must now prove that 
this additive constant must be zero for positive solutions. 
If w = c, then w and e, f c are both solutions of (1. l), (l-2), and hence (1.2) 
implies that 
g(x, w) = ; = $ (w $ c) = g(x, w -t c). (2.3) 
However, from the strict monotonicity of g(x, u) implied by condition H-3 
we conclude that for positive solutions g(x, w) # g(x, w + c) for all c # 0. 
Hence, c = 0 which implies that w = 0. Q.E.D. 
3. EXISTENCE OF POSITIVE SOLUTIONS 
Under conditions H-l to H-4 we shall now show that the boundary value 
problem (l.l), (1.2) has positive solutions, u(x) > 0, x E D. In order to 
establish this we shall need the following Positivity Lemma which is basic 
for all of our results: 
POSITIVITY LEMMA. Let CY(X) be continuous otl ED and be such that a(x) < 0, 
+ 0, x E aD. Let 4(x) be twice continuously dzjferentiable and satisfy 
(3.1) 
Then, +(x) > 0 on D ifp(x) > 0 on c?‘D, and C(x) > 0 on D ifp(x) 3 0, f 0, 
ml ao. 
Proof. We employ the Green’s function G(x, 5) for L on D subject to 
l?G -- 
av 
a(x)G = 0, XEZD, 
to write (3.1) in the equivalent form 
W = j-, W, 6) ~(0 df- (3.2) 
Now, Aronazajn and Smith [8] and Keller and Cohen [9] have given proofs 
that the Green’s function G is positive on D. Hence, it follows from (3.2) that 
4(x) > 0 on D if p(x) > 0 on aD. Q.E.D. 
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We shall now use a qua&linearization [13, 141 or Newtonian type procedure 
to determine a sequence which we shall prove converges monotonically to the 
unique positive solution of (I. I), (I .2). Define the sequence {Use by 
where for U,,(X) we take any continuous function which is positive on D. (See 
the remark following the proof of Theorem 3.3 for a convenient way to 
choose z+(s).) 
'I‘IIEORESI 3. I. Let g(x, u) satisfy H-I to H-4. Then, u,(s) > 0 on D for all 
n .s 0. 
Proof. \Ve write (3.3) as 
Lu, = 0, x E D, n z 1, 2, 3 ,..., 
t:u 
(3.4) 
L - g&, 4&4l = &, %-I) - Ru(% un -&n-1 3 2,) s E ED. 
Since condition H-2 guarantees that gU(x, U) < 0 on ii for u > 0, then the 
Positivity Lemma and a simple induction argument will suffice to prove that 
UJS) > 0 on D for all n 3 0 if we can prove that g(.v, U) - gU(x, U) u .> 0 
on D for u > 0. Kow, the quantity g(x, u) - gU(x, U) u commonly occurs in a 
Legendre transformation (or the so-called transformation from point to line 
coordinates) and has the following geometrical interpretation: Fix x and 
consider g(x, u) as a function of u only. The tangent to the curve y =y g(x, u) 
at the point (w, g(x, w)) is given by 
y = g&, 4 u + [g(-v, 4 - g&, 4 4. 
Thus, the quantity g(x, V) - gU(x, V) z: determines where the tangent line 
intersects the axis of ordinates (i.e., the u = 0 axis). Conditions H-l to H-4 
imply that this quantity is positive; that is, the tangent line must always 
intersect the positive y-axis. Hence, we conclude that 
g(x, u) - gU(x, u) u :* 0 on ij for u -; 0. Q.E.D. 
THEOREM 3.2. Let g(x, u) satisfy H-l to H-4. Then, the sequence {un(x)} 
dejined by (3.3) is monotone nonincreasing; that is, 
%&> G %(X>, x E D, n : 1 , 2, 3,. . . . 
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Proof. The strict concavity property of g(x, u) implies that 
&, u,,) G g(x, %-I) -7 g&, %-1) (%I - %-1). 
This follows easily, geometrically as a consequence of the fact that g lies 
below its tangent, or analytically from H-4 and a Taylor’s series expansion of 
g(3c, u,,) about I( = ~,-r . Thus, from (3.3) 
au _” 
a, : g(x, 24,-J -I- g&, I1,-1)(f& - %L-1) 2 d? U"h (3.5) 
and also 
(34 
Subtracting (3.6) from (3.5), we obtain 
; (% - u,+1) 2 g&, u,)(u, - t&,1). 
Thus, we have 
L(un - untl) :-.. 0, x E D, 
xEazx 
We now invoke Theorem 3.1 and the Positivity Lemma to conclude that 
u,,(x) - ~,+dx) > 0 on D. Q.E.D. 
The existence of a unique positive solution is now established by 
THEOREM 3.3. Let g(x, u) satisfy H-l to H-4. P‘h~z, the sequence U,(X) 
dejked by (3.3) converges to the unique positive solution of (I.]), (1.2). 
Proof. The proof follows from the work of H. B. Keller [lo] for a similar 
problem. Since all details are given there, we shall content ourselves with 
the following brief outline: 
Having demonstrated in Theorems 3.1 and 3.2 that the sequence {11,(x)} 
is monotone nonincreasing and bounded from below, we may immediately 
conclude that there is a limit function, say 
To show that this limit is a solution of (1. l), (1.2) the Compactness Theorem 
12.2 of Agmon, Douglis, and h’irenberg [l l] is used. In order to apply this 
theorem we must show that the U,(X) satisfy a certain smoothness condition 
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and that the convergence in (3.7) is uniform. For our problem the required 
smoothness follows from the Theorem 3.2 on page 137 of Ladyzhenskaya 
and Uraltseva [12], and the uniform convergence is then proved by using the 
Schauder type estimates as in [IO]. Q.E.D. 
Remark. As a matter of practical convenience it may prove desirable to 
take U,,(X) to be 
where r(x, 5) is the Green’s function for L on ZI subject to 
- -: constant .+ 0 
?V 
for .Y E an. 
Then, U&X) is a posit& solution of 
Lu,, -= 0 
-au, 
& 
- R(“, 0). 
(3.8) 
(3.9) 
The reason for specifying the zeroth interate U,,(X) by (3.8) rather than by 
requiring it to be a solution of (3.9) is that we know from the linear theory of 
elliptic partial differential operators that the solution of (3.9) is uniquely 
determined only to within an additive constant and WC see from the proof of 
Theorem 3.1 and its later applications that we need u(,(x) to bc positive 
on II. 
4. STABILITY 01: POSITIVE SOWTIOXS 
1i-c shall now show that the unique positive solution of (l.l), (1.2) is the 
asymptotically stable steady state solution of the time dependent (parabolic) 
problem corresponding to (I.]), (1.2). 0 ur analysis follows that of H. B. Keller 
and D. S. Cohen [9] who conducted a similar investigation for more difficult 
nonlinear elliptic eigenvalue problems. 
Any solution u(x) of the boundary value problem (1.1) (1.2) may bc 
regarded as a steady state solution of the nonlinear parabolic problem 
g+LC: =o, s E II, t > 0, 
;; = g(x, l.:), s E an, t > 0, 
Lqx, 0) = u&g, s 6 Il. 
(4.1) 
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We shall give a more precise definition later, but roughly, we say that U(X) 
is stable if for all initial data of the form 
U,(x) = 4.q + TV, (4.2) 
the solution of (4.1) decays exponentially in 1 to U(X) to first order in l . 
Assuming a solution of (4.1) (4.2) of the form 
Lyx, t) = u(x) + a(x) e-at + O(2), 
we find, to first order in c, that OL and V(X) must satisfy 
Lv : av, x E D, 
(4.3) 
&I 
a, -g&, u)v = 0, XEC?D. 
Clearly, non-trivial solutions, 0 + 0, of (4.3) exist if and only if a is an eigen- 
value of (4.3) an d v = “(0~; x) is the corresponding eigenfunction. The eigen- 
functions of the self-adjoint system (4.3) are known to be complete SO that for 
some coefficients a, , 
V(x) 7 c a,v(a, ; s), 
n 
and the solution, to first order in 6, of (4.1), (4.2) is 
U(x, t) = u(x) + d c a,v(a, ; x)@ + O(e2). 
n 
Thus, following Keller and Cohen [93, we adopt the following 
DEFINITIOKS. A solution U(X) of (1. l), (1.2) is stable if the principal (i.e. 
least) eigenvalue a = ai of (4.3) is positive, unstabZe if a1 is negative, and 
neutrally stable if a1 = 0. 
THEOREM 4.1. Let g(x, u) satisfy H-l to H-4. Then, the unique positive 
solution of (1. I), (1.2) is stable. 
Proof. Our proof trivially consists of quoting the well known fact that 
the eigenvalues of the self-adjoint positive definite elliptic system (4.3) are all 
positive. QED. 
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